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A LAURICELLA HYPERGEOMETRIC SERIES OVER FINITE
FIELDS
BING HE
Abstract. In this paper we introduce a finite field analogue for a Lauricella hypergeometric
series. An integral formula for the Lauricella hypergeometric series and its finite field
analogue are deduced. Transformation and reduction formulae and several generating
functions for the Lauricella hypergeometric series over finite fields are obtained. Some
of these generalize certain results of Li et al and Greene as well as several other known
results.
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1. Introduction
Let q be a power of a prime and let Fq and F̂
∗
q denote the finite field of q elements and
the group of multiplicative characters of F∗q respectively. Setting χ(0) = 0 for all characters,
we extend the domain of all characters χ of F∗q to Fq. Let χ and ε denote the inverse of χ
and the trivial character respectively. See [3] and [9, Chapter 8] for more information about
characters.
Following [2], we define the generalized hypergeometric function as
n+1Fn
(
a0, a1, . . . , an
b1, . . . , bn
∣∣∣∣x) := ∞∑
k=0
(a0)k(a1)k · · · (an)k
k!(b1)k · · · (bn)k
xk,
where (z)k is the Pochhammer symbol given by
(z)0 = 1, (z)k = z(z + 1) · · · (z + k − 1) for k ≥ 1.
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It was Greene who in [8] developed the theory of hypergeometric functions over finite fields
and established numerous transformation and summation identities for hypergeometric se-
ries over finite fields which are analogues to those in the classical case. Greene, in particular,
introduced the notation
2F1
(
A,B
C
∣∣∣∣x)G = ε(x)BC(−1)q ∑
y
B(y)BC(1− y)A(1− xy)
for A,B,C ∈ F̂q and x ∈ Fq, that is a finite field analogue for the integral representation of
Gauss hypergeometric series [2]:
2F1
(
a, b
c
∣∣∣∣x) = Γ(c)Γ(b)Γ(c − b)
ˆ 1
0
tb(1− t)c−b(1− tx)−a
dt
t(1− t)
,
and defined the finite field analogue for the binomial coefficient as(
A
B
)G
=
B(−1)
q
J(A,B),
where J(χ, λ) is the Jacobi sum given by
J(χ, λ) =
∑
u
χ(u)λ(1 − u).
For more details about the finite field analogue for the generalized hypergeometric functions,
please see [6, 7, 12].
In this paper, for the sake of simplicity, we define the finite field analogue for the binomial
coefficient and the classic Gauss hypergeometric series by(
A
B
)
= q
(
A
B
)G
= B(−1)J(A,B).
and
2F1
(
A,B
C
∣∣∣∣x) = q · 2F1(A,BC
∣∣∣∣x)G = ε(x)BC(−1)∑
y
B(y)BC(1− y)A(1− xy),
respectively.
There are many interesting double hypergeometric functions in the field of hypergeometric
functions. Among these functions, the Appell series F1 may be one of the most important
functions:
F1(a; b, b
′; c;x, y) =
∑
m,n≥0
(a)m+n(b)m(b
′)n
m!n!(c)m+n
xmyn, |x| < 1, |y| < 1.
See [2, 5, 14] for more material about the Appell series.
Inspired by Greene’s work, Li et al [11] gave a finite field analogue for the Appell series F1
and established some transformation and reduction formulas and the generating functions
for the function over finite fields. In that paper, the finite field analogue for the Appell
series F1 was given by
F1(A;B,B
′;C;x, y) = ε(xy)AC(−1)
∑
u
A(u)AC(1− u)B(1− ux)B′(1− uy).
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It was Lauricella [10] who in 1893 generalized the Appell series F1 to the Lauricella
hypergeometric series F
(n)
D that is defined by
F
(n)
D
(
a; b1, · · · , bn
c
∣∣∣∣x1, · · · , xn) := ∞∑
m1=0
· · ·
∞∑
mn=0
(a)m1+···+mn(b1)m1 · · · (bn)mn
(c)m1+···+mnm1! · · ·mn!
xm11 · · · x
mn
n .
It is clear that
F1(a; b, b
′; c;x, y) = F
(2)
D
(
a; b, b
′
c
∣∣∣∣x, y) and 2F1(b, ac
∣∣∣∣x) = F (1)D (a; bc
∣∣∣∣x) .
so the Lauricella hypergeometric series F
(n)
D is an n-variable extension of the Appell series
F1 and the hypergeometric function 2F1.
Motivated by the work of Greene [8] and Li et al [11], we give a finite field analogue for
the Lauricella hypergeometric series. Since the Lauricella hypergeometric series F
(n)
D has a
integral representation
F
(n)
D
(
a; b1, · · · , bn
c
∣∣∣∣x1, · · · , xn) = Γ(c)Γ(a)Γ(c− a)
ˆ 1
0
ua−1(1− u)c−a−1
(1− x1u)b1 · · · (1− xnu)bn
du,
we give the finite field analogue for the Lauricella hypergeometric series in the following
form:
F
(n)
D
(
A;B1, · · · , Bn
C
∣∣∣∣x1, · · · , xn)
= ε(x1 · · · xn)AC(−1)
∑
u
A(u)AC(1− u)B1(1− x1u) · · ·Bn(1− xnu),
where A,B1, · · · , Bn, C1, · · · , Cn ∈ F̂q, x1, · · · , xn ∈ Fq and the sum ranges over all the
elements of Fq. In the above definition, the factor
Γ(c)
Γ(a)Γ(c−a) is dropped to obtain simpler
results. We choose the factor ε(x1 · · · xn)AC(−1) to get a better expression in terms of
binomial coefficients. From the definition of the Lauricella hypergeometric series over finite
fields, we know that
F1(A;B,B
′;C;x, y) = F
(2)
D
(
A;B,B′
C
∣∣∣∣x, y) and 2F1(A,BC
∣∣∣∣x) = F (1)D (B;AC
∣∣∣∣x) .
Then the Lauricella hypergeometric series over finite fields can be regarded as an n-variable
extension of the finite field analogues for the Appell series F1 and the hypergeometric
function 2F1.
From Theorem 2.1 or the definition, we know that the Lauricella hypergeometric series
over finite fields
F
(n)
D
(
A;B1, · · · , Bn
C
∣∣∣∣x1, · · · , xn)
is invariant under permutation of the subscripts 1, 2, · · · , n, namely, it is invariant under
permutation of the B′s and x′s together.
The aim of this paper is to give several transformation and reduction formulas and the
generating functions for the Lauricella hypergeometric series over finite fields. We know
that the Lauricella hypergeometric series over finite fields is an n-variable extension of the
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finite field analogues for the Appell series F1 and the hypergeometric function 2F1. So some
of the results in this paper are generalizations of certain results in [8, 11] and some other
known results. For example, [11, Theorem 1.3] and [8, Theorem 3.6] are special cases of
Theorem 2.1.
We will give another expression for the Lauricella hypergeometric series over finite fields
in the next section. An integral formula for the Lauricella hypergeometric series and its
finite field analogue are deduced in Section 3. In Section 4, several transformation and
reduction formulae for the Lauricella hypergeometric series over finite fields will be given.
The last section is devoted to some generating functions for the Lauricella hypergeometric
series over finite fields.
2. Another expression
In this section we give another expression for the Lauricella hypergeometric series over
finite fields.
Theorem 2.1. For A,B1, · · · , Bn, C ∈ F̂q and x1, · · · , xn ∈ Fq, we have
F
(n)
D
(
A;B1, · · · , Bn
C
∣∣∣∣x1, · · · , xn)
=
1
(q − 1)n
∑
χ1,··· ,χn
(
Aχ1 · · ·χn
Cχ1 · · ·χn
)(
B1χ1
χ1
)
· · ·
(
Bnχn
χn
)
χ1(x1) · · ·χn(xn),
where each sum ranges over all multiplicative characters of Fq.
To carry out our study, we need some auxiliary results which will be used in the sequel.
The results in the following proposition follows readily from some properties of Jacobi
sums.
Proposition 2.1. (See [8, (2.6), (2.8) and (2.12)]) If A,B ∈ F̂q, then(
A
B
)
=
(
A
AB
)
,(2.1) (
A
B
)
=
(
B
A
)
AB(−1),(2.2) (
A
ε
)
=
(
A
A
)
= −1 + (q − 1)δ(A),(2.3)
where δ(χ) is a function on characters given by
δ(χ) =
{
1 if χ = ε
0 otherwise
.
The following result is a finite field analogue for the well-known identity(
a
b
)(
c
a
)
=
(
c
b
)(
c− b
a− b
)
.
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Proposition 2.2. (See [8, (2.15)])For A,B,C ∈ F̂q, we have(
A
B
)(
C
A
)
=
(
C
B
)(
CB
AB
)
− (q − 1)B(−1)δ(A) + (q − 1)AB(−1)δ(BC).
The following result is also very important in the derivation of Theorem 2.1.
Theorem 2.2. (Binomial theorem over finite fields, see [8, (2.10)]) For A ∈ F̂q and x ∈ Fq,
we have
A(1− x) = δ(x) +
1
q − 1
∑
χ
(
Aχ
χ
)
χ(x),
where the sum ranges over all multiplicative characters of Fq and δ(x) is a function on Fq
given by
δ(x) =
{
1 if x = 0
0 if x 6= 0
.
We are now ready to prove Theorem 2.1.
Proof of Theorem 2.1. From the binomial theorem over finite fields, we know that for
1 ≤ j ≤ n,
Bj(1− xju) = δ(xju) +
1
q − 1
∑
χj
(
Bjχj
χj
)
χj(xju).
Then, by the fact that ε(xj)δ(xju)A(u) = 0 for 1 ≤ j ≤ n,
F
(n)
D
(
A;B1, · · · , Bn
C
∣∣∣∣x1, · · · , xn)
= ε(x1 · · · xn)AC(−1)
∑
u
A(u)AC(1− u)
·
(
δ(x1u) +
1
q − 1
∑
χ1
(
B1χ1
χ1
)
χ1(x1u)
)
· · ·
(
δ(xnu) +
1
q − 1
∑
χn
(
Bnχn
χn
)
χn(xnu)
)
=
AC(−1)
(q − 1)n
∑
χ1,··· ,χn
(
B1χ1
χ1
)
· · ·
(
Bnχn
χn
)
χ1(x1) · · ·χn(xn)
∑
u
Aχ1 · · ·χn(u)AC(1− u)
=
1
(q − 1)n
∑
χ1,··· ,χn
(
Aχ1 · · ·χn
AC
)(
B1χ1
χ1
)
· · ·
(
Bnχn
χn
)
χ1(x1) · · ·χn(xn),
which, by (2.1), implies that
F
(n)
D
(
A;B1, · · · , Bn
C
∣∣∣∣x1, · · · , xn)
=
1
(q − 1)n
∑
χ1,··· ,χn
(
Aχ1 · · ·χn
Cχ1 · · ·χn
)(
B1χ1
χ1
)
· · ·
(
Bnχn
χn
)
χ1(x1) · · ·χn(xn).
This completes the proof of Theorem 2.1.
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3. An integral formula and its finite field analogue
In this section we derive an integral formula for the Lauricella hypergeometric series F
(n)
D ,
which relating F
(n)
D to F
(n−1)
D , and then give its finite field analogue. In addition, a finite
field analogue for a summation formula on the Lauricella hypergeometric series F
(n)
D is also
deduced.
The following theorem gives a result which is analogous to [8, (3.12)].
Theorem 3.1. If a, b1, · · · , bn, c and x1, · · · , xn are complex numbers with Re(b1) > 0 and
Re(b2) > 0, then
B(b1, b2)F
(n)
D
(
a; b1, · · · , bn
c
∣∣∣∣x1, · · · , xn)
=
ˆ 1
0
ub1−1(1− u)b2−1F
(n−1)
D
(
a; b1 + b2, b3, · · · , bn
c
∣∣∣∣ux1 + (1− u)x2, x3, · · · , xn) du,
where B(x, y) is the beta integral given for Re(x) > 0, Re(y) > 0 by [1]
B(x, y) =
ˆ 1
0
tx−1(1− t)y−1dt.
Proof. It is easily seen from the binomial theorem that
(ux1 + (1− u)x2)
m =
∑
0≤m1≤m
(
m
m1
)
um1(1− u)m−m1xm11 x
m−m1
2 .
Then, by [1, Thoeorem 1.1.4]
ˆ 1
0
ub1−1(1− u)b2−1(ux1 + (1− u)x2)
mdu
=
∑
0≤m1≤m
(
m
m1
)
xm11 x
m−m1
2
ˆ 1
0
um1+b1−1(1− u)m−m1+b2−1du
=
∑
0≤m1≤m
(
m
m1
)
xm11 x
m−m1
2 B(m1 + b1,m−m1 + b2)
=
m!
(b1 + b2)m
B(b1, b2)
∑
0≤m1≤m
(b1)m1(b2)m−m1
m1!(m−m1)!
xm11 x
m−m1
2 .
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Using the above identity in the integral at the right side and making the substitution
m−m1 → m2, we obtain
ˆ 1
0
ub1−1(1− u)b2−1F
(n−1)
D
(
a; b1 + b2, b3, · · · , bn
c
∣∣∣∣ux1 + (1− u)x2, x3, · · · , xn) du
=
∞∑
m=0
∞∑
m3=0
· · ·
∞∑
mn=0
(a)m+m3+···+mn(b1 + b2)m(b3)m3 · · · (bn)mn
(c)m+m3+···+mnm!m3! · · ·mn!
xm33 · · · x
mn
n
·
ˆ 1
0
ub1−1(1− u)b2−1(ux1 + (1− u)x2)
mdu
= B(b1, b2)
∞∑
m1=0
· · ·
∞∑
mn=0
(a)m1+···+mn(b1)m · · · (bn)mn
(c)m1+···+mnm1! · · ·mn!
xm11 · · · x
mn
n
= B(b1, b2)F
(n)
D
(
a; b1, · · · , bn
c
∣∣∣∣x1, · · · , xn) .
We comlete the proof of Theorem 3.1.
Taking n = 2 in Theorem 3.1, we have the following result.
Corollary 3.1. If a, b1, b2, c and x1, x2 are complex numbers with Re(b1) > 0 and Re(b2) >
0, then
B(b1, b2)F1(a; b1, b2; c;x1, x2) =
ˆ 1
0
ub1−1(1− u)b2−12F1
(
a, b1 + b2
c
∣∣∣∣ux1 + (1− u)x2) du.
When c = b1 + · · · + bn, Theorem 3.1 reduces to [4, (7.8)].
We now give the finite field analogue for Theorem 3.1.
Theorem 3.2. For A,B3, · · · , Bn, C ∈ F̂q, B1, B2 ∈ F̂q\{ε} and x1, · · · , xn ∈ Fq, we have
ε(x1x2)
∑
u
B1(u)B2(1− u)F
(n−1)
D
(
A;B1B2, B3, · · · , Bn
C
∣∣∣∣ux1 + (1− u)x2, x3, · · · , xn)
=
(
B1B2
B1
)
F
(n)
D
(
A;B1, · · · , Bn
C
∣∣∣∣x1, · · · , xn)
− ε(x1x2)B1(−1)B1B2(x1 − x2)F
(n−2)
D
(
AB1B2;B3, · · · , Bn
CB1B2
∣∣∣∣x3, · · · , xn)
−B1(x2)B2(−x1)B1B2(x2 − x1)F
(n−2)
D
(
A;B3, · · · , Bn
C
∣∣∣∣x3, · · · , xn) .
Proof. It is easily known from the binomial theorem over finite fields that for u, x1 ∈ F
∗
q,
we have
χ(ux1 + (1− u)x2) =
1
q − 1
∑
χ1
(
χ
χ1
)
χ1(ux1)χχ1((1 − u)x2).
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Then
ε(x1)
∑
u
B1(u)B2(1− u)χ(ux1 + (1− u)x2)
=
1
q − 1
∑
χ1
(
χ
χ1
)
χ1(x1)χχ1(x2)
∑
u
B1χ1(u)B2χχ1(1− u)
=
1
q − 1
∑
χ1
(
χ
χ1
)
χ1(x1)χχ1(x2)B2χχ1(−1)
(
B1χ1
B2χχ1
)
.
We use the above identity in the summation
∑
u and replace χχ1 by χ2 to find
ε(x1x2)
∑
u
B1(u)B2(1− u)F
(n−1)
D
(
A;B1B2, B3, · · · , Bn
C
∣∣∣∣ux1 + (1− u)x2, x3, · · · , xn)
(3.1)
=
ε(x1x2)
(q − 1)n−1
∑
χ,χ3,··· ,χn
(
Aχχ3 · · ·χn
Cχχ3 · · ·χn
)(
B1B2χ
χ
)(
B3χ3
χ3
)
· · ·
(
Bnχn
χn
)
χ3(x3) · · ·χn(xn)
·
∑
u
B1(u)B2(1− u)χ(ux1 + (1− u)x2)
=
1
(q − 1)n
∑
χ1,··· ,χn
B2χ2(−1)
(
B1χ1
B2χ2
)(
B1B2χ1χ2
χ1χ2
)(
χ1χ2
χ1
)
·
(
Aχ1 · · ·χn
Cχ1 · · ·χn
)(
B3χ3
χ3
)
· · ·
(
Bnχn
χn
)
χ1(x1) · · ·χn(xn).
It follows from Proposition 2.2 that
(
B1B2χ1χ2
χ1χ2
)(
χ1χ2
χ1
)
=
(
B1B2χ1χ2
χ1
)(
B1B2χ2
χ2
)
− (q − 1)χ1(−1)δ(χ1χ2)
+ (q − 1)χ2(−1)δ(B1B2χ2),
(
B1χ1
B1B2χ1χ2
)(
B1B2χ1χ2
χ1
)
=
(
B1χ1
χ1
)(
B1
B1B2χ2
)
− (q − 1)χ1(−1)δ(B1B2χ1χ2)
and (
B2χ2
B1B2χ2
)(
B1B2χ2
χ2
)
=
(
B2χ2
χ2
)(
B2
B1B2
)
− (q − 1)χ2(−1)δ(B1B2χ2).
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Then, by (2.1) and (2.2)(
B1χ1
B2χ2
)(
B1B2χ1χ2
χ1χ2
)(
χ1χ2
χ1
)
=
(
B1χ1
B1B2χ1χ2
)(
B1B2χ1χ2
χ1
)(
B1B2χ2
χ2
)
− (q − 1)χ1(−1)δ(χ1χ2)
(
B1χ1
B1B2χ1χ2
)
+ (q − 1)χ2(−1)δ(B1B2χ2)
(
B1χ1
B1B2χ1χ2
)
= B1B2χ2(−1)
(
B1χ1
χ1
)(
B2χ2
B1B2χ2
)(
B1B2χ2
χ2
)
− (q − 1)χ1(−1)δ(B1B2χ1χ2)
(
B1B2χ2
χ2
)
− (q − 1)χ1(−1)δ(χ1χ2)
(
B1χ1
B1B2χ1χ2
)
+ (q − 1)χ2(−1)δ(B1B2χ2)
(
B1χ1
B1B2χ1χ2
)
= B2χ2(−1)
(
B1χ1
χ1
)(
B2χ2
χ2
)(
B1B2
B1
)
− (q − 1)χ1(−1)δ(B1B2χ1χ2)
(
B1B2χ2
χ2
)
− (q − 1)χ1(−1)δ(χ1χ2)
(
B1χ1
B1B2χ1χ2
)
,
where in the last step we have cancelled two terms
−(q − 1)δ(B1B2χ2)B1B2(−1)
(
B1χ1
χ1
)
and (q − 1)χ2(−1)δ(B1B2χ2)
(
B1χ1
B1B2χ1χ2
)
.
Applying the above identity in (3.1), we obtain
ε(x1x2)
∑
u
B1(u)B2(1− u)F
(n−1)
D
(
A;B1B2, B3, · · · , Bn
C
∣∣∣∣ux1 + (1− u)x2, x3, · · · , xn)
(3.2)
=
(
B1B2
B1
)
1
(q − 1)n
∑
χ1,··· ,χn
(
Aχ1 · · ·χn
Cχ1 · · ·χn
)(
B1χ1
χ1
)
· · ·
(
Bnχn
χn
)
χ1(x1) · · ·χn(xn)
−
B1(−x1)B2(x1)
(q − 1)n
∑
χ3,··· ,χn
(
AB1B2χ3 · · ·χn
CB1B2χ3 · · ·χn
)(
B3χ3
χ3
)
· · ·
(
Bnχn
χn
)
χ3(x3) · · ·χn(xn)
·
∑
χ2
(
B1B2χ2
χ2
)
χ2
(
x2
x1
)
−
B2(−1)ε(x2)
(q − 1)n−1
∑
χ3,··· ,χn
(
Aχ3 · · ·χn
Cχ3 · · ·χn
)(
B3χ3
χ3
)
· · ·
(
Bnχn
χn
)
χ3(x3) · · ·χn(xn)
·
∑
χ1
(
B1χ1
B2χ1
)
χ1
(
x1
x2
)
.
From [8, (2.11)] we know that for any A, B ∈ F̂q and x ∈ Fq,
(3.3)
∑
χ
(
Aχ
Bχ
)
χ(x) = (q − 1)B(x)AB(1− x).
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Using (3.3) in (3.2) and simplifying yields
ε(x1x2)
∑
u
B1(u)B2(1− u)F
(n−1)
D
(
A;B1B2, B3, · · · , Bn
C
∣∣∣∣ux1 + (1− u)x2, x3, · · · , xn)
=
(
B1B2
B1
)
F
(n)
D
(
A;B1, · · · , Bn
C
∣∣∣∣x1, · · · , xn)
− ε(x1x2)B1(−1)B1B2(x1 − x2)F
(n−2)
D
(
AB1B2;B3, · · · , Bn
CB1B2
∣∣∣∣x3, · · · , xn)
−B1(x2)B2(−x1)B1B2(x2 − x1)F
(n−2)
D
(
A;B3, · · · , Bn
C
∣∣∣∣x3, · · · , xn) .
This concludes the proof of Theorem 3.2.
Putting n = 2 in Theorem 3.2, we arrive at
Corollary 3.2. For A,C ∈ F̂q, B,B
′ ∈ F̂q\{ε} and x, y ∈ Fq, we have
ε(xy)
∑
u
B(u)B′(1− u)2F1
(
BB′, A
C
∣∣∣∣ux+ (1− u)y)
=
(
BB′
B
)
F1(A;B,B
′;C;x, y) − ε(xy)B(−1)BB′(x− y)
−B(y)B′(−x)BB′(y − x).
Using the binomial theorem in the integral representation for the Lauricella hypergeo-
metric series and then simplifying, we can get a summation formula connecting F
(n)
D and
F
(n−1)
D .
Theorem 3.3. If a, b1, · · · , bn, c and x1, · · · , xn are complex numbers with Re(a) > 0 and
Re(c− a) > 0, then
F
(n)
D
(
a; b1, · · · , bn
c
∣∣∣∣x1, · · · , xn) = ∞∑
k=0
(a)k(bn)k
k!(c)k
xknF
(n−1)
D
(
a+ k; b1, · · · , bn−1
c+ k
∣∣∣∣x1, · · · , xn−1) .
A finite field analogue for the above theorem also holds.
Theorem 3.4. For A,B1, · · · , Bn, C ∈ F̂q and x1, · · · , xn ∈ Fq, we have
F
(n)
D
(
A;B1, · · · , Bn
C
∣∣∣∣x1, · · · , xn)
=
1
q − 1
∑
χ
(
Bnχ
χ
)
χ(xn)F
(n−1)
D
(
Aχ;B1, · · · , Bn−1
Cχ
∣∣∣∣x1, · · · , xn−1) .
Proof. It follows from the binomial theorem over finite fields that
Bn(1− xnu) = δ(xnu) +
1
q − 1
∑
χ
(
Bnχ
χ
)
χ(xnu).
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Using the above identity in the definition of the Lauricella hypergeometric series over finite
fields and by the fact that ε(xn)A(u)δ(xnu) = 0, we have
F
(n)
D
(
A;B1, · · · , Bn
C
∣∣∣∣x1, · · · , xn)
=
ε(x1 · · · xn−1)AC(−1)
q − 1
∑
χ
(
Bnχ
χ
)
χ(xnu)
·
∑
u
A(u)AC(1− u)B1(1− x1u) · · ·Bn−1(1− xn−1u)
=
1
q − 1
∑
χ
(
Bnχ
χ
)
χ(xn)ε(x1 · · · xn−1)AC(−1)
·
∑
u
Aχ(u)AC(1− u)B1(1− x1u) · · ·Bn−1(1− xn−1u),
from which the result follows. This finishes the proof of Theorem 3.4.
We set n = 2 in Theorem 3.4 to get
Corollary 3.3. For A,B,B′, C ∈ F̂q and x, y ∈ Fq, we have
F1(A;B,B
′;C;x, y) =
1
q − 1
∑
χ
(
B′χ
χ
)
χ(y)2F1
(
B,Aχ
Cχ
∣∣∣∣x) .
[11, Corollary 1.1, (1.5)] is a special case of Corollary 3.3.
4. Reduction and Transformation formulae
In this section we give some reduction and transformation formulae for the Lauricella
hypergeometric series over finite fields.
From the definition of the Lauricella hypergeometric series F
(n)
D , we know that
F
(n)
D
(
a; b1, · · · , bn−1, 0
c
∣∣∣∣x1, · · · , xn) = F (n−1)D (a; b1, · · · , bn−1c
∣∣∣∣x1, · · · , xn−1) .
We now give a finite field analogue for the above identity.
Theorem 4.1. For A,B1, · · · , Bn−1, C ∈ F̂q and x1, · · · , xn ∈ Fq, we have
F
(n)
D
(
A;B1, · · · , Bn−1, ε
C
∣∣∣∣x1, · · · , xn) = ε(xn)F (n−1)D (A;B1, · · · , Bn−1C
∣∣∣∣x1, · · · , xn−1)
− ε(x1 · · · xn−1)B1 · · ·Bn−1C(xn)AC(1− xn)B1(xn − x1) · · ·Bn−1(xn − xn−1).
Proof. It is clear that the result holds for xn = 0. We now consider the case xn 6= 0. By
(3.3),
(4.1)
∑
χn
(
Aχ1 · · ·χn
Cχ1 · · ·χn
)
χn(xn) = (q − 1)Cχ1 · · ·χn−1(xn)AC(1− xn),
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which, by (3.3), implies that
∑
χ1,··· ,χn−1
(
B1χ1
χ1
)
· · ·
(
Bn−1χn−1
χn−1
)
χ1(x1) · · ·χn−1(xn−1)
∑
χn
(
Aχ1 · · ·χn
Cχ1 · · ·χn
)
χn(xn)
= (q − 1)C(xn)AC(1− xn)
∑
χ1
(
B1χ1
χ1
)
χ1
(
x1
xn
)
· · ·
∑
χn−1
(
Bn−1χn−1
χn−1
)
χn−1
(
xn−1
xn
)
= (q − 1)nε(x1 · · · xn−1)B1 · · ·Bn−1C(xn)AC(1− xn)B1(xn − x1) · · ·Bn−1(xn − xn−1).
This, together with Theorem 2.1 and (2.3), gives
F
(n)
D
(
A;B1, · · · , Bn−1, ε
C
∣∣∣∣x1, · · · , xn)
=
1
(q − 1)n
∑
χ1,··· ,χn
(
Aχ1 · · ·χn
Cχ1 · · ·χn
)(
B1χ1
χ1
)
· · ·
(
Bn−1χn−1
χn−1
)(
χn
χn
)
χ1(x1) · · ·χn(xn)
= −
1
(q − 1)n
∑
χ1,··· ,χn−1
(
B1χ1
χ1
)
· · ·
(
Bn−1χn−1
χn−1
)
χ1(x1) · · ·χn−1(xn−1)
∑
χn
(
Aχ1 · · ·χn
Cχ1 · · ·χn
)
χn(xn)
+
1
(q − 1)n−1
∑
χ1,··· ,χn−1
(
Aχ1 · · ·χn−1
Cχ1 · · ·χn−1
)(
B1χ1
χ1
)
· · ·
(
Bn−1χn−1
χn−1
)
χ1(x1) · · ·χn−1(xn−1)
= F
(n−1)
D
(
A;B1, · · · , Bn−1
C
∣∣∣∣x1, · · · , xn−1)
− ε(x1 · · · xn−1)B1 · · ·Bn−1C(xn)AC(1− xn)B1(xn − x1) · · ·Bn−1(xn − xn−1).
This finishes the proof of Theorem 4.1.
When n = 2, Theorem 4.1 reduces to [11, Theorem 3.1]. When n = 1, Theorem 4.1
reduces to [8, Corollary 3.16, (i)].
It is easily seen from the definition of the Lauricella hypergeometric series F
(n)
D that
F
(n)
D
(
a; b1, · · · , bn
a
∣∣∣∣x1, · · · , xn) = (1− x1)−b1 · · · (1− xn)−bn .
We also deduce the finite field analogue for the above formula.
Theorem 4.2. For A,B1, · · · , Bn ∈ F̂q and x1, · · · , xn ∈ Fq, we have
F
(n)
D
(
A;B1, · · · , Bn
A
∣∣∣∣x1, · · · , xn) = −ε(x1 · · · xn)B1(1 − x1) · · ·Bn(1− xn)
+Bn(−1)A(xn)F
(n−1)
D
(
A;B1, · · · , Bn−1
ABn
∣∣∣∣x1xn , · · · , xn−1xn
)
.
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Proof. It follows from Theorem 2.1, (2.3), (2.2) and (3.3) that
F
(n)
D
(
A;B1, · · · , Bn
A
∣∣∣∣x1, · · · , xn)
=
1
(q − 1)n
∑
χ1,··· ,χn
(
Aχ1 · · ·χn
Aχ1 · · ·χn
)(
B1χ1
χ1
)
· · ·
(
Bnχn
χn
)
χ1(x1) · · ·χn(xn)
= −
1
(q − 1)n
∑
χ1
(
B1χ1
χ1
)
χ1(x1) · · ·
∑
χn
(
Bnχn
χn
)
χn(xn)
+
1
(q − 1)n−1
∑
Aχ1···χn=ε
(
B1χ1
χ1
)
· · ·
(
Bnχn
χn
)
χ1(x1) · · ·χn(xn)
= −ε(x1 · · · xn)B1(1− x1) · · ·Bn(1− xn) +
Bn(−1)A(xn)
(q − 1)n−1
·
∑
χ1,··· ,χn−1
(
Aχ1 · · ·χn−1
ABnχ1 · · ·χn−1
)(
B1χ1
χ1
)
· · ·
(
Bn−1χn−1
χn−1
)
χ1
(
x1
xn
)
· · ·χn−1
(
xn−1
xn
)
= −ε(x1 · · · xn)B1(1− x1) · · ·Bn(1− xn)
+Bn(−1)A(xn)F
(n−1)
D
(
A;B1, · · · , Bn−1
ABn
∣∣∣∣x1xn , · · · , xn−1xn
)
.
This concludes the proof of Theorem 4.2.
Setting n = 2, we obtain the following result relating the Appell series F1 over finite fields
to the Gaussian hypergeometric series 2F1.
Corollary 4.1. For A,B,B′ ∈ F̂q and x, y ∈ Fq, we have
F1(A;B,B
′;A;x, y) = −ε(xy)B(1− x)B′(1− y) +B′(−1)A(y)2F1
(
B,A
AB′
∣∣∣∣xy
)
= −ε(xy)B(1− x)B′(1− y) +B(−1)A(x)2F1
(
B′, A
AB
∣∣∣∣yx
)
.
When n = 1, Theorem 4.2 reduces to [8, Corollary 3.16, (iv)].
The following theorem involves a transformation formula for the Lauricella hypergeomet-
ric series over finite fields.
Theorem 4.3. For A,B1, · · · , Bn, C ∈ F̂q, x1, · · · , xn ∈ Fq, we have
ε((1− x1) · · · (1− xn))F
(n)
D
(
A;B1, · · · , Bn
C
∣∣∣∣x1, · · · , xn)
= ε(x1 · · · xn)B1 · · ·Bn(−1)F
(n)
D
(
A;B1, · · · , Bn
AB1 · · ·BnC
∣∣∣∣1− x1, · · · , 1− xn) .
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Proof. Making the substitution u = v
v−1 in the definition of the Lauricella hypergeometric
series over finite fields gives
ε((1− x1) · · · (1− xn))F
(n)
D
(
A;B1, · · · , Bn
C
∣∣∣∣x1, · · · , xn)
= ε(x1 · · · xn(1− x1) · · · (1− xn))C(−1)
·
∑
v
A(v)B1 · · ·BnC(1− v)B1(1− (1− x1)v) · · ·Bn(1− (1− xn)v)
= ε(x1 · · · xn)B1 · · ·Bn(−1)F
(n)
D
(
A;B1, · · · , Bn
AB1 · · ·BnC
∣∣∣∣1− x1, · · · , 1− xn) .
This completes the proof of Theorem 4.3.
Taking n = 2 in Theorem 4.3, we deduce a transformation formula for the Appell series
F1 over finite fields.
Corollary 4.2. For A,B,B′, C ∈ F̂q, x, y ∈ Fq, we have
ε((1 − x)(1− y))F1(A;B,B
′;C;x, y) = ε(xy)BB′(−1)F1(A;B,B
′;ABB′C; 1 − x, 1− y).
When n = 1 and x = x1 ∈ Fq\{0, 1}, Theorem 4.3 reduces to [8, Theorem 4.4, (i)].
From the integral representation for the Lauricella hypergeometric series F
(n)
D we can
easily obtain
F
(n)
D
(
a; b1, · · · , bn
c
∣∣∣∣x1, · · · , xn)
= (1− x1)
−b1 · · · (1− xn)
−bnF
(n)
D
(
c− a; b1, · · · , bn
c
∣∣∣∣ x1x1 − 1 , · · · , xnxn − 1
)
.
We give a transformation formula for the Lauricella hypergeometric series over finite fields
which can be regarded as the finite field analogue for the above identity.
Theorem 4.4. For A,B1, · · · , Bn, C ∈ F̂q and x1, · · · , xn ∈ Fq\{1}, we have
F
(n)
D
(
A;B1, · · · , Bn
C
∣∣∣∣x1, · · · , xn)
= C(−1)B1(1− x1) · · ·Bn(1− xn)F
(n)
D
(
AC;B1, · · · , Bn
C
∣∣∣∣ x1x1 − 1 , · · · , xnxn − 1
)
.
Proof. The result follows from the definition of the Lauricella hypergeometric series over
finite fields and Making the substitution u = 1− v.
When n = 2, Theorem 4.4 reduces to [11, Theorem 3.2, (3.6)]. When n = 1, Theorem
4.4 reduces to [8, Theorem 4.4, (ii)] for x 6= 1.
Theorem 4.5. For A,B1, · · · , Bn, C ∈ F̂q, x1, · · · , xn−1 ∈ Fq and xn ∈ Fq\{1}, we have
ε((xn − x1) · · · (xn − xn−1))F
(n)
D
(
A;B1, · · · , Bn
C
∣∣∣∣x1, · · · , xn)
= ε(x1 · · · xn−1)A(1− xn)F
(n)
D
(
A;B1, · · · , Bn−1, B1 · · ·BnC
C
∣∣∣∣xn − x1xn − 1 , · · · , xn − xn−1xn − 1 , xnxn − 1
)
.
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Proof. Making the substitution u = v1−xn+xnv in the the definition of the Lauricella hyper-
geometric series over finite fields, we have
ε((xn − x1) · · · (xn − xn−1))F
(n)
D
(
A;B1, · · · , Bn
C
∣∣∣∣x1, · · · , xn)
= ε(x1 · · · xn(xn − x1) · · · (xn − xn−1))AC(−1)
∑
u
A(u)AC(1− u)B1(1− x1u) · · ·Bn(1− xnu)
= ε(x1 · · · xn(xn − x1) · · · (xn − xn−1))AC(−1)A(1− xn)
·
∑
v
A(v)AC(1− v)B1
(
1−
xn − x1
xn − 1
v
)
· · ·Bn−1
(
1−
xn − xn−1
xn − 1
v
)
B1 · · ·BnC
(
1−
xn
xn − 1
v
)
= ε(x1 · · · xn−1)A(1− xn)F
(n)
D
(
A;B1, · · · , Bn−1, B1 · · ·BnC
C
∣∣∣∣xn − x1xn − 1 , · · · , xn − xn−1xn − 1 , xnxn − 1
)
,
from which we complete the proof of Theorem 4.5.
From Theorem 4.5 and Theorem 4.1, we can easily obtain the following reduction formula
for the Lauricella hypergeometric series over finite fields.
Corollary 4.3. For A,B1, · · · , Bn,∈ F̂q, x1, · · · , xn−1 ∈ Fq and xn ∈ Fq\{1}, we have
ε((xn − x1) · · · (xn − xn−1))F
(n)
D
(
A;B1, · · · , Bn
B1 · · ·Bn
∣∣∣∣x1, · · · , xn)
= ε(x1 · · · xn)A(1− xn)F
(n−1)
D
(
A;B1, · · · , Bn−1
B1 · · ·Bn
∣∣∣∣xn − x1xn − 1 , · · · , xn − xn−1xn − 1
)
− ε((xn − x1) · · · (xn − xn−1))B1(−x1) · · ·Bn(−xn).
Actually, the formula in Corollary 4.3 can be considered as a finite field analogue for
the following reduction formula on the Lauricella hypergeometric series (see G. Mingari
Scarpello and D. Ritelli [13]):
F
(n)
D
(
a; b1, · · · , bn
b1 + · · ·+ bn
∣∣∣∣x1, · · · , xn) = 1(1− xn)aF (n−1)D
(
a; b1, · · · , bn−1
b1 + · · ·+ bn
∣∣∣∣x1 − xn1− xn , · · · , xn−1 − xn1− xn
)
.
When n = 2, Theorem 4.5 reduces to [11, Theorem 3.2, (3.7) and (3.9)]. When n = 1,
Theorem 4.5 reduces to [8, Theorem 4.4, (iii)] for x 6= 1.
Theorem 4.6. For A,B1, · · · , Bn, C ∈ F̂q and x1, · · · , xn ∈ Fq\{1}, we have
ε((xn − x1) · · · (xn − xn−1))F
(n)
D
(
A;B1, · · · , Bn
C
∣∣∣∣x1, · · · , xn)
= ε(x1 · · · xn−1)C(−1)ABnC(1− xn)B1(1− x1) · · ·Bn−1(1− xn−1)
· F
(n)
D
(
AC;B1, · · · , Bn−1, B1 · · ·BnC
C
∣∣∣∣xn − x11− x1 , · · · , xn − xn−11− xn−1 , xn
)
A LAURICELLA HYPERGEOMETRIC SERIES OVER FINITE FIELDS 16
Proof. Making another substitution u = 1−v1−vxn in the the definition of the Lauricella
hypergeometric series over finite fields, we get
ε((xn − x1) · · · (xn − xn−1))F
(n)
D
(
A;B1, · · · , Bn
C
∣∣∣∣x1, · · · , xn)
= ε(x1 · · · xn(xn − x1) · · · (xn − xn−1))AC(−1)ABnC(1− xn)B1(1− x1) · · ·Bn−1(1− xn−1)
·
∑
v
AC(v)A(1 − v)B1
(
1−
xn − x1
1− x1
v
)
· · ·Bn−1
(
1−
xn − xn−1
1− xn−1
v
)
B1 · · ·BnC(1− xnv)
= ε(x1 · · · xn−1)C(−1)ABnC(1− xn)B1(1− x1) · · ·Bn−1(1− xn−1)
· F
(n)
D
(
AC;B1, · · · , Bn−1, B1 · · ·BnC
C
∣∣∣∣xn − x11− x1 , · · · , xn − xn−11− xn−1 , xn
)
.
This completes the proof of Theorem 4.6.
Similarly, we can get another reduction formula.
Corollary 4.4. For A,B1, · · · , Bn ∈ F̂q and x1, · · · , xn ∈ Fq\{1}, we have
ε((xn − x1) · · · (xn − xn−1))F
(n)
D
(
A;B1, · · · , Bn
B1 · · ·Bn
∣∣∣∣x1, · · · , xn)
= ε(x1 · · · xn)B1 · · ·Bn(−1)AB1 · · ·Bn−1(1− xn)B1(1− x1) · · ·Bn−1(1− xn−1)
· F
(n−1)
D
(
AB1 · · ·Bn;B1, · · · , Bn−1
B1 · · ·Bn
∣∣∣∣xn − x11− x1 , · · · , xn − xn−11− xn−1
)
− ε((xn − 1)(xn − x1) · · · (xn − xn−1))B1(−x1) · · ·Bn(−xn).
When n = 2, Theorem 4.6 reduces to [11, (3.8) and (3.10)]. When n = 1, Theorem 4.6
reduces to [8, Theorem 4.4, (iv)] for x 6= 1.
We also give some evaluations for the Lauricella hypergeometric series over finite fields.
From the definition of the Lauricella hypergeometric series over finite fields, we can easily
deduce the following results.
Theorem 4.7. For A,B1, · · · , Bn, C ∈ F̂q and x, x1, · · · , xn−1 ∈ Fq, we have
F
(n)
D
(
A;B1, · · · , Bn
C
∣∣∣∣x, · · · , x) = 2F1(B1 · · ·Bn, AC
∣∣∣∣x) ,
F
(n)
D
(
A;B1, · · · , Bn
C
∣∣∣∣x1, · · · , xn−1, 1) = Bn(−1)F (n−1)D (A;B1, · · · , Bn−1BnC
∣∣∣∣x1, · · · , xn−1) .
In particular,
F
(n)
D
(
A;B1, · · · , Bn
C
∣∣∣∣1, · · · , 1) = B1 · · ·Bn(−1)( AB1 · · ·BnC
)
.(4.2)
When n = 1, (4.2) reduces to [8, Theorem 4.9]:
(4.3) 2F1
(
A,B
C
∣∣∣∣1) = A(−1)( BAC
)
.
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Corollary 4.5. For A,B1, · · · , Bn ∈ F̂q and x ∈ Fq, we have
F
(n)
D
(
A;B1, · · · , Bn
A
∣∣∣∣x, · · · , x) = −ε(x)B1 · · ·Bn(1− x) +B1 · · ·Bn(−1)A(x)( AB1 · · ·Bn
)
.
Proof. We can take x1 = · · · = xn = x in Theorem 4.2 and using (4.2) to get the result.
Alternatively, we take C = A in the first identity of Theorem 4.7 and use (2.1)–(2.3) and
(3.3):
F
(n)
D
(
A;B1, · · · , Bn
A
∣∣∣∣x, · · · , x) = 2F1 (B1 · · ·Bn, AA
∣∣∣∣x)
=
1
q − 1
∑
χ
(
B1 · · ·Bnχ
χ
)
χ(x) +A(x)
(
AB1 · · ·Bn
A
)
= −ε(x)B1 · · ·Bn(1− x) +B1 · · ·Bn(−1)A(x)
(
A
B1 · · ·Bn
)
to complete the proof of Corollary 4.5.
Setting n = 2 in Corollary 4.5, we are led to
Corollary 4.6. For A,B,B′ ∈ F̂q and x ∈ Fq, we have
F1(A;B,B
′;A;x, x) = −ε(x)BB′(1− x) +BB′(−1)A(x)
(
A
BB′
)
.
From Theorem 4.7 we can obtain another result.
Corollary 4.7. For A,B1, · · · , Bn ∈ F̂q and x ∈ Fq, we have
F
(n)
D
(
A;B1, · · · , Bn
B1 · · ·Bn
∣∣∣∣x, · · · , x) = ( AB1 · · ·Bn
)
ε(x)A(1− x)−B1 · · ·Bn(−x)
+ (q − 1)B1 · · ·Bn(−1)δ(1 − x)δ(A).
Proof. It follows from [8, Corollary 3.16, (iii)] that
2F1
(
A,B
A
∣∣∣∣x) = (BA
)
ε(x)B(1− x)−A(−x) + (q − 1)A(−1)δ(1 − x)δ(B)
for A,B ∈ F̂q and x ∈ Fq. Then, putting C = B1 · · ·Bn in the first identity of Theorem 4.7,
we have
F
(n)
D
(
A;B1, · · · , Bn
B1 · · ·Bn
∣∣∣∣x, · · · , x) = 2F1(B1 · · ·Bn, AB1 · · ·Bn
∣∣∣∣x)
=
(
A
B1 · · ·Bn
)
ε(x)A(1− x)−B1 · · ·Bn(−x)
+ (q − 1)B1 · · ·Bn(−1)δ(1 − x)δ(A),
from which the result follows.
Letting n = 2 in Corollary 4.7 gives
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Corollary 4.8. For A,B,B′ ∈ F̂q and x ∈ Fq, we have
F1(A;B,B
′;BB′;x, x) =
(
A
BB′
)
ε(x)A(1− x)−BB′(−x) + (q − 1)BB′(−1)δ(1 − x)δ(A).
5. Generating functions
In this section, we establish several generating functions for the Lauricella hypergeometric
series over finite fields.
Theorem 5.1. For A,B1, · · · , Bn, C ∈ F̂q, x1, · · · , xn ∈ Fq and t ∈ Fq\{1}, we have∑
θ
(
ACθ
θ
)
F
(n)
D
(
Aθ;B1, · · · , Bn
C
∣∣∣∣x1, · · · , xn) θ(t)
= ε(t)A(1− t)F
(n)
D
(
A;B1, · · · , Bn
C
∣∣∣∣ x11− t , · · · , xn1− t
)
− ε(x1 · · · xn)AC(−t)B1(1− x1) · · ·Bn(1 − xn).
Proof. Making the substitution u = v1−t , we have
ε(tx1 · · · xn)AC(−1)
∑
u 6=1
A(u)AC(1− u+ ut)B1(1− x1u) · · ·Bn(1− xnu)
= ε(tx1 · · · xn)AC(−1)
∑
u
A(u)AC(1− u+ ut)B1(1− x1u) · · ·Bn(1− xnu)
− ε(x1 · · · xn)AC(−t)B1(1− x1) · · ·Bn(1− xn)
= ε(tx1 · · · xn)AC(−1)A(1− t)
∑
v
A(v)AC(1− v)B1
(
1−
x1
1− t
v
)
· · ·Bn
(
1−
xn
1− t
v
)
− ε(x1 · · · xn)AC(−t)B1(1− x1) · · ·Bn(1− xn)
= ε(t)A(1− t)F
(n)
D
(
A;B1, · · · , Bn
C
∣∣∣∣ x11− t , · · · , xn1− t
)
− ε(x1 · · · xn)AC(−t)B1(1− x1) · · ·Bn(1− xn).
This combines the binomial theorem over finite fields to yield∑
θ
(
ACθ
θ
)
F
(n)
D
(
Aθ;B1, · · · , Bn
C
∣∣∣∣x1, · · · , xn) θ(t)
= ε(x1 · · · xn)AC(−1)
∑
θ,u
(
ACθ
θ
)
A(u)AC(1− u)θ(−ut)θ(1− u)B1(1− x1u) · · ·Bn(1− xnu)
= ε(x1 · · · xn)AC(−1)
∑
u 6=1
A(u)AC(1− u)B1(1− x1u) · · ·Bn(1− xnu)
∑
θ
(
ACθ
θ
)
θ
(
−
ut
1− u
)
= ε(tx1 · · · xn)AC(−1)
∑
u 6=1
A(u)AC(1− u)AC
(
1 +
ut
1− u
)
B1(1− x1u) · · ·Bn(1− xnu)
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= ε(tx1 · · · xn)AC(−1)
∑
u 6=1
A(u)AC(1− u+ ut)B1(1− x1u) · · ·Bn(1− xnu)
= ε(t)A(1− t)F
(n)
D
(
A;B1, · · · , Bn
C
∣∣∣∣ x11− t , · · · , xn1− t
)
− ε(x1 · · · xn)AC(−t)B1(1− x1) · · ·Bn(1− xn),
which ends the proof of Theorem 5.1.
Theorem 5.1 reduces to [11, Theorem 4.1] when n = 2.
Setting n = 1 in Theorem 5.1, we get a generating function for the Gaussian hypergeo-
metric series 2F1.
Corollary 5.1. For A,B,C ∈ F̂q, x ∈ Fq and t ∈ Fq\{1}, we have
∑
θ
(
BCθ
θ
)
2F1
(
A,Bθ
C
∣∣∣∣x) θ(t) = ε(t)B(1− t)2F1(A,BC
∣∣∣∣ x1− t
)
− ε(x)BC(−t)A(1− x).
We also give another generating function for the Lauricella hypergeometric series over
finite fields.
Theorem 5.2. For A,B1, · · · , Bn, C ∈ F̂q and x1, · · · , xn, t ∈ Fq, we have∑
θ
(
Bnθ
θ
)
F
(n)
D
(
A;B1, · · · , Bn−1, Bnθ
C
∣∣∣∣x1, · · · , xn) θ(t)
= (q − 1)ε(t)Bn(1− t)F
(n)
D
(
A;B1, · · · , Bn−1, Bn
C
∣∣∣∣x1, · · · , xn−1, xn1− t
)
− (q − 1)ε(x1 · · · xn−1)Bn(−t)B1 · · ·Bn−1C(xn)AC(1− xn)B1 (xn − x1) · · ·Bn−1 (xn − xn−1) .
Proof. It is obvious that the result holds for xn = 0. We now consider the case xn 6= 0. It
follows from [8, Corollary 3.16, (iii)] that
∑
θ
(
Bnθ
θ
)(
Bnχnθ
Bnθ
)
θ(t) = (q − 1)
(
ε(t)Bnχn(1− t)
(
Bnχn
χn
)
−Bn(−t)
)
.
Then, by (4.1),
∑
θ
(
Bnθ
θ
)
F
(n)
D
(
A;B1, · · · , Bn−1, Bnθ
C
∣∣∣∣x1, · · · , xn) θ(t)
=
1
(q − 1)n
∑
χ1,··· ,χn
(
Aχ1 · · ·χn
Cχ1 · · ·χn
)(
B1χ1
χ1
)
· · ·
(
Bn−1χn−1
χn−1
)
χ1(x1) · · ·χn(xn)
·
∑
θ
(
Bnθ
θ
)(
Bnχnθ
Bnθ
)
θ(t)
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=
ε(t)Bn(1− t)
(q − 1)n−1
∑
χ1,··· ,χn
(
Aχ1 · · ·χn
Cχ1 · · ·χn
)(
B1χ1
χ1
)
· · ·
(
Bnχn
χn
)
χ1(x1) · · ·χn−1(xn−1)χn
(
xn
1− t
)
−
Bn(−t)
(q − 1)n−1
∑
χ1,··· ,χn−1
(
B1χ1
χ1
)
· · ·
(
Bn−1χn−1
χn−1
)
χ1(x1) · · ·χn−1(xn−1)
∑
χn
(
Aχ1 · · ·χn
Cχ1 · · ·χn
)
χn(xn)
= (q − 1)ε(t)Bn(1− t)F
(n)
D
(
A;B1, · · · , Bn−1, Bn
C
∣∣∣∣x1, · · · , xn−1, xn1− t
)
−
Bn(−t)C(xn)AC(1− xn)
(q − 1)n−2
∑
χ1
(
B1χ1
χ1
)
χ1
(
x1
xn
)
· · ·
∑
χn−1
(
Bn−1χn−1
χn−1
)
χn−1
(
xn−1
xn
)
= (q − 1)ε(t)Bn(1− t)F
(n)
D
(
A;B1, · · · , Bn−1, Bn
C
∣∣∣∣x1, · · · , xn−1, xn1− t
)
− (q − 1)ε(x1 · · · xn−1)Bn(−t)C(xn)AC(1− xn)B1
(
1−
x1
xn
)
· · ·Bn−1
(
1−
xn−1
xn
)
,
from which the result follows. This finishes the proof of Theorem 5.2.
When n = 2, Theorem 5.2 reduces to [11, Theorem 4.2].
Taking n = 1 in Theorem 5.2, we can easily obtain another generating function for the
Gaussian hypergeometric series 2F1.
Corollary 5.2. For A,B,C ∈ F̂q and x, t ∈ Fq, we have∑
θ
(
Aθ
θ
)
2F1
(
Aθ,B
C
∣∣∣∣x) θ(t) = (q − 1)ε(t)A(1− t)2F1(A,BC
∣∣∣∣ x1− t
)
− (q − 1)A(−t)C(x)BC(1− x).
The following theorem involves another generating function for the Lauricella hypergeo-
metric series over finite fields.
Theorem 5.3. For A,B1, · · · , Bn, C ∈ F̂q and x1, · · · , xn, t ∈ Fq, we have∑
θ
(
ACθ
θ
)
F
(n)
D
(
A;B1, · · · , Bn
Cθ
∣∣∣∣x1, · · · , xn) θ(t)
= (q − 1)ε(t)C(1 + t)F
(n)
D
(
A;B1, · · · , Bn
C
∣∣∣∣ x11 + t , · · · , xn1 + t
)
− (q − 1)AC(−t)ε(x1 · · · xn)B1(1− x1) · · ·Bn(1− xn).
Proof. It is easily seen from [8, Corollary 3.16, (iii)] and (2.1), (2.2) that
∑
θ
(
ACθ
θ
)(
Cχ1 · · ·χnθ
ACθ
)
θ(−t) = (q − 1)
(
Aχ1 · · ·χn
Cχ1 · · ·χn
)
AC(−1)ε(t)Cχ1 · · ·χn(1 + t)
− (q − 1)AC(t).
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Combining (2.1), (2.2) and the above identity, we obtain∑
θ
(
ACθ
θ
)
F
(n)
D
(
A;B1, · · · , Bn
Cθ
∣∣∣∣x1, · · · , xn) θ(t)
=
AC(−1)
(q − 1)n
∑
θ,χ1,··· ,χn
(
ACθ
θ
)(
Cχ1 · · ·χnθ
ACθ
)(
B1χ1
χ1
)
· · ·
(
Bnχn
χn
)
χ1(x1) · · ·χn(xn)θ(−t)
=
AC(−1)
(q − 1)n
∑
χ1,··· ,χn
(
B1χ1
χ1
)
· · ·
(
Bnχn
χn
)
χ1(x1) · · ·χn(xn)
∑
θ
(
ACθ
θ
)(
Cχ1 · · ·χnθ
ACθ
)
θ(−t)
=
ε(t)C(1 + t)
(q − 1)n−1
∑
χ1,··· ,χn
(
Aχ1 · · ·χn
Cχ1 · · ·χn
)(
B1χ1
χ1
)
· · ·
(
Bnχn
χn
)
χ1
(
x1
1 + t
)
· · ·χn
(
xn
1 + t
)
−
AC(−t)
(q − 1)n−1
∑
χ1
(
B1χ1
χ1
)
χ1(x1) · · ·
∑
χn
(
Bnχn
χn
)
χn(xn)
= (q − 1)ε(t)C(1 + t)F
(n)
D
(
A;B1, · · · , Bn
C
∣∣∣∣ x11 + t , · · · , xn1 + t
)
− (q − 1)AC(−t)ε(x1 · · · xn)B1(1− x1) · · ·Bn(1− xn).
This concludes the proof of Theorem 5.3.
Putting n = 2 in Theorem 5.3, we get the following result which is a generating function
for the finite field analogue of the Appell series F1.
Corollary 5.3. For A,B,B′, C ∈ F̂q and x, y, t ∈ Fq, we have∑
θ
(
ACθ
θ
)
F1(A;B,B
′;Cθ;x, y)θ(t) = (q − 1)ε(t)C(1 + t)F1
(
A;B,B
′;C;
x
1 + t
,
y
1 + t
)
− (q − 1)AC(−t)ε(xy)B(1− x)B′(1− y).
Letting n = 1 in Theorem 5.3 yields a generating function for the Gaussian hypergeo-
metric series 2F1.
Corollary 5.4. For A,B,C ∈ F̂q and x, t ∈ Fq, we have∑
θ
(
BCθ
θ
)
2F1
(
A,B
Cθ
∣∣∣∣x) θ(t) = (q − 1)ε(t)C(1 + t)2F1 (A,BC
∣∣∣∣ x1 + t
)
− (q − 1)BC(−t)ε(x)A(1− x).
Acknowledgement
This work was supported by the Initial Foundation for Scientific Research of Northwest
A&F University (No. 2452015321).
References
[1] G. Andrews, R. Askey and R. Roy, Special Functions. Cambridge University Press, 1999.
[2] W.N. Bailey, Generalized Hypergeometric Series. Cambridge: Cambridge University Press; 1935.
A LAURICELLA HYPERGEOMETRIC SERIES OVER FINITE FIELDS 22
[3] B.C. Berndt, R.J. Evans and K.S. Williams, Gauss and Jacobi sums. Canadian Mathematical Society
Series of Monographs and Advanced Texts. A Wiley–Interscience Publication. John Wiley & Sons,
Inc., New York, 1998.
[4] B.C. Carlson, Lauricella’s hypergeometric function FD. J. Math. Anal. Appl. 7 (1963) 452–470.
[5] J. Choi and P. Agarwal, Certain generating functions involving Appell series, Far East Journal of
Mathematical Sciences. 84 (2014), no. 1, 25-32.
[6] R. Evans and J. Greene, Evaluations of hypergeometric functions over finite fields. Hiroshima Math.
J. 39 (2009), no. 2, 217–235.
[7] J. Fuselier, L. Long, R. Ramakrishna, H. Swisher and F.-T. Tu, Hypergeometric Functions over Finite
Fields, arXiv:1510.02575.
[8] J. Greene, Hypergeometric functions over finite fields, Trans. Amer. Math. Soc. 301 (1987), no. 1,
77–101.
[9] K. Ireland and M. Rosen, A classical introduction to modern number theory. Second edition. Graduate
Texts in Mathematics, 84. Springer–Verlag, New York, 1990.
[10] G. Lauricella, Sulle funzioni ipergeometriche a piu` variabili, Rend. Circ. Mat. Palermo 7 (1893) 111–
158.
[11] L. Li, X. Li and R. Mao, Some new formulas for Appell series over finite fields, arXiv:1701.02674.
[12] D. McCarthy, Transformations of well-poised hypergeometric functions over finite fields. Finite Fields
Appl. 18 (2012), no. 6, 1133–1147.
[13] G. Mingari Scarpello, D. Ritelli, pi and the hypergeometric functions of complex argument, J. Number
Theory 131 (2011), 1887–1900.
[14] M.J. Schlosser, Multiple hypergeometric series: Appell series and beyond. In Computer Algebra in
Quantum Field Theory, pages 305–324. Springer, 2013.
College of Science, Northwest A&F University, Yangling 712100, Shaanxi, People’s Re-
public of China
E-mail address: yuhe001@foxmail.com; yuhelingyun@foxmail.com
